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Abstract 



The anomaly for the fermion number current is calculated on the lattice in a simple 

J> I prototype model with an even number of fermion doublets. 

00 

^ 1 INTRODUCTION 

. Fermion number, which is the sum of baryon number and lepton number {B + L), is not 
conserved in the Standard Model [|l|. This is due to the anomaly in the fermion current. 
Under "normal" conditions there is, however, a strong suppression factor 



CD : exp(-47r/av^) ~ 10"^^° , (1) 

^ ■ 

which makes {B + L) violation unobservable. At high temperature and/or high fermion 
^ . densities (at high energies) the non-conservation is amplified. This may explain the small 
baryon asymmetry of the universe, which could arise via this mechanism at the cosmological 
electroweak phase transition. (For references to the extensive literature on this subject, see 
the reviews in ref. 

The lattice formulation of the anomalous fermion number non-conservation is problematic 
0, because it has to do with the chiral SU(2)l gauge coupling and, as is well known, there 
is a difficulty with chiral gauge fields on the lattice (see, for instance, the review [Q). There 
is, however, an approximation of the electroweak sector of the Standard Model, which can be 
studied with standard lattice techniques, namely the limit when the SU(3) colour ®U(l)hypercharge 
gauge couplings are neglected. The usefulness of this limit for lattice studies was particularly 
emphasized in earlier works by Lee and Shrock (see |^ and references therein). In their phase 
structure studies staggered fermions were used. Here Wilson fermions will be considered, 
which naturally lead to the mirror fermion action for chiral gauge theories . There is now a 
growing amount of experience with this action, without SU(2)l gauge field, in the numerical 
simulation studies of the allowed region of renormalized quartic and Yukawa couplings J^, H, 
0. The inclusion of the SU(2)l gauge field in the simulation algorithms is straightforward; 
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therefore one can start to speculate about the possibihty to explore some features of the 
violation of the fermion number conservation. In order to understand the mechanism of 
fermion number non-conservation on the lattice, let us see how the relevant anomalous Ward- 
Takahashi identity arises in this formulation. 



2 LATTICE ACTION 

Let us consider a simple prototype model, which is the extension of the standard SU(2)l 
Higgs model by an even number 2Nf of fermion doublets. In the Standard Model we have 
Nf = 6 (for simplicity, we consider Dirac neutrinos, but the massless neutral right-handed 
neutrinos decouple |T^). In what follows we take, for simplicity, Nf = 1, but the extension 
to Nf > 1 is trivial. The lattice action depends on the matrix scalar field (p^c = (pOx + i'PsxT's 
(with four real fields 0s'=o,...,3) and the fermion doublet fields ip{i^2)x'- 

S Sscalar ~l~ S fermion • (2) 

The standard Higgs-model action is 

Sscalar = jY. { "^oTr {^l^x) + A [Tr (</?l</?x) 



X 



+ I: [Tr (^t _ Tr (^l+^f/.^v^.)] } . (3) 
ii=±i 

The fermionic part contains the chiral gauge fields (with U^^ G SU(2) and Pl,r = (1 =F75)/2) 

U{L,R)xti = P{L,R)Uxii + P{R,L) (4) 

and is given by 



'2x) 
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- 9 II [(V'lx+A7/.f^Lx/.^lx) + (^2x+A7/.f^LxM^2x; 

( (^J^eCV'ix) - (^L+z.eC'f^LxA.V'ix) - {i)l^eC^2x) + (V'^+a^C'^^^^m^sx) 



+ {i^2x^C^\x) - k^2x+iJJRxi.^Ci)[^) - iiJi^eClp2cc) + {'^lx+ilUR,^^eCi)2x) 
+ i-^lRxGlVt^lLx) + (tpiL^ifixGitlJiRa:) + i^P 2RxG2Vt^2Lx) + (V'2Lx<^xG2^2fe) }• (5) 

Here e = iT2 acts in isospin space, and C is the fermion charge conjugation matrix. The 
Yukawa couplings Gi^2 can, in general, be arbitrary diagonal matrices in isospin space but, 
for simplicity, we shall here only consider the case with degenerate doublets {Gi^2 proportional 
to the unit matrix). 
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Instead of the off-diagonal Majorana mass fio and Majorana-like Wilson term (proportional 
to r), it is technically more convenient to consider a Dirac-like form with ip = ipi and the 
mirror fermion field 

Xx = e"^C'^2x , Xx = i^Ix^C . (6) 

In terms of and x one obtains the mirror fermion action for chiral gauge fields {G^ = 
Gi, Gy, = G2)- 

S fermion 



H {/^O [iXx^x) + {iPccXx 



1 ±4 r _ 

9 H [i'^x+ill^^ULx^,i^x) + iXx+f^lf^Un^f^Xx 



-riiXxi^x) - iXx+f<,ULx,,^x) + i^xXx) - i^x+f^URx^Xx)) 
+ i'^R^G^^i^Lx) + {lpLx'PxGi,1pRx) + (XLxGxVIxRx) + (XRxVxG^XLx) } • 



(7) 



This is the appropriate form of the fermion action in the phase with broken symmetry, as the 
investigations of the corresponding chiral Yukawa models show ||lT], |1^, 0, |], |]. 

In the symmetric (i.e. confinement) phase, however, there is a natural alternative choice 
in terms of the reshuffled combinations 111 111: 



Ax 



i^Lx + XRx , 



Bx 



XLx + ^. 



Rx 



On this basis the vector-like nature of the model becomes explicit (75's appear only in the 
Yukawa couplings). The SU(2) gauge field couples only to ipA, and the neutral doublet ipB 
has only its Yukawa coupling. 

Note the different roles played by /xq in the three lattice actions: in (|^) it is an off-diagonal 
Majorana mass, in (0) the fermion-mirror-fermion mixing mass, whereas on the basis in (^ 
it is a common Dirac mass for if) a and ipB- The physical interpretation of the model is, of 
course, given in terms of the action in (^). 

Previous studies of the phase structure of the same continuum "target theory" in the 
staggered fermion formulation were usually done in a basis corresponding to (||), with the 
known differences between staggered and Wilson fermions (see, for instance, [|T3|, ^, |T^). 
In many cases the Yukawa couplings were omitted, and the ipB field was not considered at 
all. Representing the fermion number anomaly both in terms of the fields in (^) and (|^) is 
useful, because it gives the connection to the axial anomaly. This connection has recently 



been exploited also in ref. [16 



3 THE ANOMALY 

On smooth background scalar and gauge fields {ipx, Ux^} the effective action is defined by 



exp{-5e//[f/, v^]} = ZJ^ j [dmdm] exp{-5/[vl/, vl>, f/, ^]} 
where ^> = An infinitesimal fermion number transformation is: 



(9) 



iJx = {1+ iaxWx 



Xx 



^Otx)Xx 
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= (1 - 



1 + iacc)x'x ■ 



(10) 



This corresponds to the fact that the fermion number is defined to be +1 for the fields '?/'i_2 
(and hence it is —1 for x). 

The gauge-invariant fermion number current can be defined as 



Introducing the new integration variables {ip', ip , x'? x') the path integral with action (0), 
one obtains with A^^f^ = — f^_j^ the lattice W-T identity 

(A^IJ,^)/ = {2^io[{Xx^x) - {^xXx)] 
r ^ r 

+ 9 II [4(X^^^) - iXx+ilULxi^i^x) - iXxUlxf^i^x+f,) 

- {XxULx-^,f.ipx-^) - {Xx-fPLx-i,,i.i^x) - 4(?^Xx) + (!^Px+^,URx^lXx) + (V'^f^L/.X^'+A) 

+ (^xUrx~^,^Xx~(,) + (V'x-/if^L-/i,MXx)_ ) ^ ■ (12) 

This has to be evaluated in the continuum limit, when the momenta of the external fields in 
lattice units are of the order a (a — *• 0). 

For small lattice spacing a the left-hand side of (|12[) is of order (note that for the 
moment we keep the bare parameters fixed, for instance, fiQ can be of order 1). Therefore 
diagrammatically the contributing graphs can have at most four external field legs. Explicit 
evaluation shows that in the present case only those with two or three external fields (i.e. the 
triangle and quadrangle graphs) contribute. Introducing the SU(2) field strength as usual by 



the result is (this time for 2Nf fermion doublets) 



Here the lattice integral 1 is given by 
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and the notations are 



fik cos ki cos k2 cos cos k^ 



J2 kl/ coska - ^lk 



d^k 



(13) 



(14) 



(15) 



a=l 



k^ — sin k^ , 



k,, 



2 sm — 
2 



(16) 



The integral X is the same as the one occurring in the chiral anomaly, and one can prove 
(see e.g. ^ 0) 



X(r,0) 



327r2 



(independently from r) . 



;i7) 



Note that in the present regularization scheme no other terms on the right-hand side of 
([T^ ) occur. For instance, the scalar field having Yukawa couplings to the fermions does 
not contribute at all (although, of course, it appears on external legs of the graphs). This is 



different from the non-Abelian U(N)(8)U(N) anomaly studied in ref. [19] in other regularization 
schemes (with different lattice actions), where the Bardeen-counterterms are in general 
non-zero. 

Equations ([l^ and (|17D show that the correct continuum anomaly is reproduced at van- 
ishing bare (Majorana) fermion mass /io = 0. It is, however, interesting to investigate the 



Ho dependence of the lattice integral in (15). The numerical evaluation of the corresponding 
lattice sum Xl on L"^ lattices up to L = 200 shows that X = lim^^oo is very small, proba- 
bly X{fiQ,r) = for every positive /io ||2l|. This behaviour implies that the anomaly in ( p!4D 



disappears at every positive /iq, and there is a singularity at /io = 0, where according to ( PT[ ) 
the value of X is non-zero. The derivatives of X with respect to /aq tend to infinity for L —>■ oo; 
therefore we have, on the given external bosonic field configuration, for instance, 

y 

Here the infinity can be produced by the summation over y because of the long-range corre- 
lation due to fermionic zero modes. 

From the practical point of view the behaviour of X(r, /ig) implies that in numerical sim- 
ulations one has to be careful in the extrapolation to /^o = 0. The lattice volume should be 
small enough. 

The functional dependence of the lattice integral T(r, /io) on /aq also illustrates how the 
anomaly is emerging from the explicit symmetry breaking present in the lattice action (§). 
In the case when the cut-off can be completely removed, this does not matter. Nevertheless, 
in theories with scalar fields there is the well-known "triviality problem" , which implies that 
for finite renormalized couplings the lattice spacing cannot be taken to zero. This means that 
the unpleasant feature of the singular dependence of the anomaly on the bare fermion mass in 
principle remains. However, in order to understand the situation better, one has to consider 
the full theory with quantized bosonic fields, where a mixing of the renormalized composite 
operators has to be dealt with pS] . 
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